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General set-up and notation: let F' be a local field, with ring of integers O, uniformizer 7, and residue field
kp with |kp| = ¢ = p". Let G be a reductive group over F' and Gy = G(F'). Fix a Z[1/p]-algebra A (or maybe we
should be more restrictive and require it to be a Z,-algebra); typically one takes A = Q, where £ # p. So far we've
been studying Rep, (Gr), the category of smooth, or locally constant, representations, where we completely ignore

any possible issues of topology on the ring A.

Our goal today is to pass to the other (“spectral”) side of Langlands duality, and introduce various notions of
(local) Langlands parameters, roughly some kind of homomorphisms ¢ : I'p — é(A) up to conjugation, where I'p
is the absolute Galois group (except not really; more on that later). For simplicity, I will require that G is split
over F' (so we can work with G instead of L@), and T'll choose a square root of ¢ (to avoid having to think about
€Q@); see the references for more general statements. We will consider three kinds.

1. When A = Z;, Q,, we will use the topology on A and consider continuous homomorphisms ¢. These are perhaps
most traditionally called Langlands parameters. The notion of continuity doesn’t lend well to building moduli
spaces (or stacks), but it can be made to work in this case.

2. When A is a Z[1/p]-algebra, we can make some choice of generators for the “tame” part and build a moduli
stack. In this presentation, the substack of tame parameters will arise naturally.

3. When A > Q, we consider a certain modification of the above called Weil-Deligne parameters. In this
presentation, the substack of unipotent parameters will arise naturally.
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in Northern Taiwan seminar held at Academia Sinica, as well as Gurbir Dhillon and Shishir Agrawal, for various
corrections, filling holes of proofs, comments, et cetera.



1 Extensions of local fields

We let I'r denote the absolute Galois group of F', equipped with its canonical topologyﬂ which is pro-finite. Note:
F will denote the separable closure, not the algebraic closure. What are some extensions £ > F? Some basic
initial facts: every finite extension of E/F is a local field, O is the integral closure of Op in E, and we say the
ramification index of E/F is

eE/F = 'U(’]TF)/'U(TFE).

1.1 Unramified extensions

An extension E/F is unramified if e p = 1, i.e. if uniformizers mp of F" are also uniformizers of Op, or equivalently
if [E: F] = [kg : kr], Morally, these are “extensions coming from the residue field”, e.g. F,»((7)) as an extension
of Fy((m)). Recall that if kp = Fy, then

Ty, ~ Z — Z/nZ ~ Ty, z,.

where Fyn /F, has [F,» : F,] = ¢"! and splitting polynomial p(z) = 2" — x. Note that this factors z(zP~ —
(2P 4 2 + ... + 1), and the factor z(zP~* — 1) is satisfied by every element of FF,, so we can just take the
other factor, whose degree implies |Fpn| = p™.

We have the following. For Fy((m)) it is essentially clear what the unramified extensions should be. The pattern
turns out to hold in p-adic case as well. We state the following without proof, but it can be found e.g. in [Se79).

Proposition 1.1.1. The canonical map gives an group isomorphism

I'eh — T'p >~ Z.
We can obtain every unramified extension by adjoining roots of 1. Recall the analogous statement in finite fields:
Fy is cyclic and F‘L contains all roots of unity coprime to p but no extension contains any pth roots of unity
other than 1. Thus, [, is obtained from F, by adjoining all roots of unity of order coprime to p It’s hard to say
which field extension contains a particular root of unity, since this amounts to factoring p™ — 1.

1.2 Tamely ramified extensions

An extension E/F is tamely ramified if p { ep/p. An extension is totally ramified if kg = k. Every tamely ramified
extension of a local field is obtained by adjoining mth roots for p t m.

(o™ ™)

Proposition 1.2.1. FEvery tamely ramified extension is of the form F forptm; and a € F.

yeeey

Proof. Let E/F be a totally tamely ramified extension, and choose some « € E and m minimal such that vp(a)™ € Z.
A priori, we only have o™ € F'- O, e.g. if a = \/mp + mp = /7p(1 + /7F). We want to tweak it so a™ € F. We
can write o™ = uf where u € F'* and 8 € O where § = (, (mod mg) for some rth root of unity where p{r (i.e.
because kg is obtained from kr by adjoining roots of unity as discussed earlier). To get rid of this root of unity,
we take instead ™" = 4" " where now 8" =1 (mod mpg). Now, by Hensel’s lemmeﬂ applied to the polynomial
p(x) = 2™ — 3" (i.e. take the root 1 of p(z) = ™" — 1 (mod mg) which is simple since mr is coprime to p), there
is v =1 (mod mg) such that y™" = 37, and we have (a/y)™" = u" € F*, ie. a/y = u*™. Now replace F with
F(a/v) and continue. O

We note there is no “maximal totally tamely unramified extension.” The reason is, for example, suppose
F = F,((m)) and that ¢ € F, has no square root. Then, F(y/er) and F(/m) are totally totally unramified
extensions, but /€ € F(y/em,+/7) comes from an an extension of the residue field.

1See [Stacks Project!

2Because 2" = 1 has at most r solutions in any field, so 7 > g — 1.

3The units of IF;(,L is a cyclic group of order ¢"™ — 1, and for any m coprime to p there is is an n such that ¢" = 1 (mod m).

4Formally, this means adding roots of the prime-to-p cyclotomic polynomials, which have integer coefficients.

5Let (R, m,v) be a m-adically complete valuation ring, and let p(z) € R[z] be monic. Let a be a simple root of p modulo m. This
root can be lifted to a unique root in R.


https://stacks.math.columbia.edu/tag/0BMI

1.3 Wildly ramified extensions

Wildly ramified extensions are those where p divides the ramification index. We won’t treat these in detail, since
their structure won’t be relevant to us; see [La02] for detail. In the tame case, extensions of the equal and mixed
characteristic fields have the same structure (in the sense that their tame Galois groups are isomorphic). But in
the wild case, the extensions start to look very different.

For one, Q, is a perfect field, being characteristic zero, so all extensions are separable. For F' = F,((7)) the field
extensions F,((7'/?)) are not separableﬁ

Moreover, we have some understanding of the degree p extensions.
Proposition 1.3.1. The field F = F,((7)) has infinitely many extensions of degree pE]

Proof. Consider the Artin-Schrierer operator
(:F —F, ((x)=2—2x

which is additive, F-linear, with kernel ker(¢) = F, < F. We will consider the splitting polynomials p,(z) :=
((z) —a for a € K. We have:

1. If @ € im((), this splits in F (it has a root and its degree is prime).
2. By F,-linearity, p, and pyq for u € Fy have the same splitting field (i.e. py, (r) = 0 if and only if p, (uz) = 0).
3. By additivity, p, and pa,¢(g) have the same splitting field (i.e. po(x) = 0 if and only if po () (x + B) = 0).

Thus we have an assignment
F/(im(¢) - Fq) — {0} — {degree p extensions}.

The main theorem of Aritin-Schrierer theory says that this map is an isomorphism. O
Proposition 1.3.2. The field Q, has finitely many extensions of degree p™ (in particular of any fized degree).

Proof. Kummer theory. O

1.4 Summary

In summary, for any field extension E/F, we have intermediate field extensions:
FcFE,,cE,CcFE

where E,,./F is unramified, E/E,,, is totally ramified, E;/E,, is totally tamely ramified, and E/E; is totally wildly
ramified. These can be understood universally in terms of the Galois group, i.e. we have quotients

Iy . ry 1

l l l |

FE/F —d FEt/F —d FEur/F e FF/F

We call
IF = ker(FF i F%T), PF = ker(FF i FtF)

the inertia subgroup and wild inertia subgroup respectively; they are not open, and do not contain any open
subgroup. For a fixed finite extension E/F', we define I p, Pg/r to be the images in I'r — I'g/p. We summarize
the above discussion as follows.

6le. p(z) =aP — 7w = (x — 7' /P)P.
"Reference: these notes by Brian Conrad.


https://math.stanford.edu/%7Econrad/248APage/handouts/weirdfield.pdf

Proposition 1.4.1. We have a short exact sequence

1—Ip/Pp~ || Zo — T% ~Tp/Pr — TW ~Tp/Ip ~ L —> 1.
V' #p

Furthermore, Pr is a pro-p group. In particular, Ir is pro-solvableﬁ and Pr 1s its pro-nilpotent mdicalﬂ

2 Langlands parameters

The field Q, is not a local field because its valuation v is not discrete (i.e. we've almost all roots of a uniformizer).
It is also not complete. However, it still has a ring of integers Op and maximal ideal mg defined

Op ={z e FE|v(z) =0}, mp ={x e E|v(z)> 0}

and its residue field kg = Fy.

Recall a Langlands parameter should be something like a continuous map I'r — é(@z) We start with two
basic results; one for passing from Q, to a finite extension E/Qy, and the other establishing that maps from a pro-p
group to a pro-£ group factor through a finite quotient.

Proposition 2.0.1. Consider a compact (Hausdorff) subgroup K < GL,(Q,). There is a finite extension E/F
such that K ¢ GL,(E).

Proof. We have
|J KnGL.(B)=K
E/F finite

Now, K is a Baire space since it is compact Hausdorff, i.e. every increasing union of subsets with empty interior
has empty interior. Since the set of extensions E/F is countablejgl7 this means that K has empty interior in K,
which cannot be. Thus, one of the K n GL,(E) must be nonempty interior.

Suppose K n GL,(F) has nonempty interior in K, i.e. K contains an open subgroup U; by translating it, we
can make it cover K, and by compactness, we can take finitely many translates. That is, K n GL,,(E) has finite
index in K, so K lives in some finite extension. O

Proposition 2.0.2. LetI' be a pro-prime-to-£ group. Then, any continuous group homomorphism p : I — GL, (Q,)
has finite image, i.e. factors through a finite quotient.

Proof. Since T is pro-finite, it is compact. We use Proposition and replace Q, with a finite extension E/Qj.
Then, pick any open pro-£ subgroup K < GL,(E), so p~*(K) is an open subgroup of I'. But K is pro-£, and any
continuous group homomorphism from a pro-p group to a pro-f-group is trivial. O

So we see the potential for non-finiteness comes from two Z; in the unramified part Z, and the tamely ramified
part. We will deal with these two separately.
2.1 Galois group to Weil group, and Langlands parameters

Let’s start with the unramified part. The fix here is “by hand” but somehow it’s the “right” thing to do in Langlands.
This story is a bit long to tell, but the rough idea is that various (global and local) Langlands correspondences are
required to be compatible with Hecke operators under the Satake isomorphism:

QIG(Op)\G(F)/G(0F)] ~ O(G/G).

8T.e. for each quotient, its derived series terminates, or it has a central series with abelian quotients.

91t is nilpotent because every pro-p group is pro-nilpotent, i.e. every p-group is nilpotent. To see this, we build the ascending central
series {1} ¢ Z1 = Z(G) < Z(G/Z1) xg/z, G < ---, which terminates if every p-group has a nontrivial center. If p | |G|, then write
|G| =|Z(G)| + X |C;| where C; are non-central conjugacy classes to deduce p | |Z(G)|.

OThis uses Krasner’s lemmal and I'll just take it on faith. It also follows from the stronger result in [Kummer theory| that there are
only finitely many extensions of a given degree.


https://mathoverflow.net/questions/178052/finite-extension-of-local-fields
https://math.stackexchange.com/questions/1118068/finitely-many-extensions-of-fixed-degree-of-a-local-field

The left evidently has an interpretation as the spherical Hecke algebra for a G(F'). On the right, we expect the set
of unramified Langlands parameters, i.e. maps ['p — é(@e) which are trivial on the inertia Ir. However, there
is a mismatch: he affine quotient é/ /va' parameterizes semisimple conjugacy classes of va', while Homc(i,é) /G
parameterizes torsion conjugacy classes of G. One can imagine fixing this by: (1) replacing Z with Z and (2)
imposing a semisimplicity condition on the image.

We first deal with the first issue, replacing Z by Z.

Definition 2.1.1. The Weil group Wg of F' is
Wg:=TF x;7Z
topologized so that the maps in the exact sequence
1—Ip—Wp—7Z—1

are continuous for the discrete topology on Z and the subspace topology on I < T’ FIEI

We now define Langlands parameters for a group G split over F.

Definition 2.1.2. Equip I'r with its canonical (pro-finite) topology and é(@g) with the locally ¢-adic topology
inherted from Q,. The set of Langlands parameters is

L(G) := Hom®* (W, G(Q,))/G(Qy).

i.e. continuous “Frobenius-semisimple” group homomorphisms such that any lift of Frobenius vanishing on maps
to a semisimple element.

2.2 Tame monodromy and Weil-Deligne parameters

Some issues with the above definition: (1) we need to define semisimplicity, and (2) the geometry is unclear from this
definition. We somewhat address the second problem and clarify some of the geometry by producing a generators-
and-relations presentation of the tame part of Wg. We need to introduce a norm on I'p coming from local class
field theory. There is a local Artin homomorphism 6 : F* — I'p/[I'r,T'r| which is an isomorphism after taking
pro-finite completion of F'*. The norm is defined to be the image under

Tr —Tr/[Tr Tr] 2 FX %7 25 Q.

The norm is trivial on I, and for any lift of Frobenius o, we have ||o|| = g. We also define a norm on Wy in the
same way["]

We define

te

IFﬁIF/PF:HZZ’ Zz

'#p
i.e. the projection to the tame and pro-¢ parts, and have the following relationship.

Proposition 2.2.1. Forwel'r and 7 € Ir, we have
tHwrw™) = [fulli(r) = ¢,

te(wrw™) = ||Jwl|te(T) = tg(TH“’H).

11 Note this is not the subspace topology on Wx < I'p; if we took the subspace topology, we would simply be taking a dense subset,
which makes no difference when mapping out. In particular, while I' is compact, W is only locally compact.

12There appears to sometimes be a sign flip when defining the norm here. I’'m not sure why, but I think I am accounting for it by an
inverse in my definition for the Weil-Deligne group.



Proof. First, Pr is normal, so for w € Pr we have
tirwr™!) = t(w) =1

and since ||Pr|| = 1, this verifies the claim for w € Pp. Likewise, since since the norm is trivial on Ir and Ir/Pr
is abelian, we have the same for w € Ir. We only need to check the case where w = o is a lift of Frobenius to ',
and 7 € Ip/Pp < I'l, of finite order n (automatically, p { n), which are dense in Ir/Pr.

We view 7 as an automorphism of the maximal tame extension F!/F. Choose a uniformizer m of F', choose a
fixed nth root /™, and let ¢, be the nth root of unity such that 7 sends /" — ¢,7'/". We know that U(wl/”) is
also an nth root of o(m) = , so that o(7'/™)/x'/™ is an nth root of unity, which is fixed by 7 € I». Thus, T acts
on o(7'/™) by the same ¢,. Then we have

o7(m") = 0(GurV/") = Clo(x' /") = 71(o(x'™)
as desired. O

Corollary 2.2.2. There exists an embedding
LWy i={r,0 | oto™t =17 — W

determined by a lift of Frobenius o, and and a topological generator T of Ip/Pr.

Definition 2.2.3. Fix an embedding ¢ as in Corollary We have a short exact sequence
1—>PF—>WF—>W};—>1.

We let Wi < Wg denote the preimage of ¢ : W, € W}, equipped with a topology such the maps in the short exact
sequence
1—Pp —Wp — W, —1

are continous for the discrete topology on WqE We define the set of ¢t-local Langlands parameters to be the colimit
L4(G) i= Hom" (W, G(Q0)/G(Q) = colim Hom™ (W, G(@1)/G(@)
of continuous “Frobenius-semisimple” parameters.

2.3 Semisimplicity and Weil-Deligne parameters

We now deal with the issue of Frobenius-semisimplicity using the notion of Weil-Deligne parameters. Naively, we
want to require the Frobenius 1 € Z to act semisimply, but this doesn’t make sense for quotients. It’s also far too
strong to require that lifts act semisimply, since this will be basically everything. Instead, we have some sense that
Zy is contributing the only unipotent part, while everything else acts like a finite group, so we want all lifts that do
not involve Z; < Ir/Pr to act semisimply. More precisely, we want to have the ability to “factor out” the nilpotent
part, and define Frobenius-semisimplicity by requiring total semisimplicity for the other factor. To do this we need
the Grothendieck f-adic monodromy theorem. We define the matrix exponentials and logarithms for £/Q, a finite

extension: ,
o0 .’L”L
eXp(m) = Z ﬁ7
i=0
0 i
log(1+2) = Z ( zx)

s
Il
_

The series exp(z) converges on matrices with pro-nilpotent elements satisfying vg(x) > e/(¢—1), the series log(1+x)
converges on matrices with pro-nilpotent elements satisfying vg(z) > 0, and the two are inverse equivalences where

13Following Proposition , this definition is essentially cooked up to make the topology irrelevant.



they are defined.[La94] We also note that exp is well-defined on any (literally, i.e. not pro-)nilpotent element.

Theorem 2.3.1 (Grothendieck (-adic monodromy). Let E/Q, be a finite extension, and p : Wr — GL,(E) a
continuous homomorphism@ There is an opeﬂ subgroup U < I such that

plu(w) = exp(te(w)N)
for some uniquely determined nilpotent N € gl (E). Furthermore, for w e W,
p(w)Np(w) ™ = [Jw||N.

Proof. Since ker(ty) is pro-p, p is trivial on an open subgroup of ker(ty). Choose an open subgroup U < Ir which
restricts to it, and consider the factorization of U through

U/(U nker(ty)) ~ t,(U) ~ £*7,

since the compact open subgroups of Z, are precisely £¥Z,. We need to show that p ot is given by an exponential.
Since I is compact, p(Ir) is compact, and by a similar argument as in Proposition p(Ir) is contained in a
compact open, thus up to conjugation im(p) € GL,,(Og). Intersect U with a pro-£ compact subgroup of GL,,(Og)
where the logarithm converges, so the map p can be written

O ~ ty(U) 2> 1+ gl 25 ¢g1,, (Op).

Every such continuous map is determined by the value of the topological generator 1 € Zy, say N € gl,,(Og), and
so the map must be x — xN by uniqueness. For nilpotence, assume the formula; taking w to be a lift of Frobenius,
we have the eigenvalues of IV are the same as the eigenvalues for ¢V, i.e. N is nilpotent.

We now prove the formula: choose a nonzero 7 € U n Zy, and apply p to the formula in Proposition [2.2.1

p(w)p(te(7))p(w) ™" = p(te(r))"!

p(w) exp(te(T)N)p(w) ™" = exp(|Jwl|te(T)N)
and apply log (shrinking U if necessary). O

Proposition 2.3.2. Let p be a Langlands parameter. Choose U < Ir open and N nilpotent as in Theorem [2.3.1
o a lift of Frobenius, and define

p**(c™1) = p(c™7) exp(—te(T)N) 7€ lp.
Then, p** : Wr — Q, is a homomorphism, continuous for the discrete topology on Q,, and takes values in semisimple
elements. Changing the lift of Frobenius gives an conjugate pair (p*°, N).

Proof. We first show it is a homomorphism. We write 6™ 70”7’ = ¢™ 1" (¢ "1¢™)7’, and
% (01" ") = p(c" o710 p(7!) exp(—te (o "™ )N) exp(—to (7)) N)

= p(a™7)p(a"7") exp(—q~"te(T)N) exp(—t(7")N)
= p(a™ 1) exp(—q"q "te(T)N)p(a"1") exp(—to(7)N).
Next, if we change the lift of Frobenius to ¢’ with o = ¢'7’ for 7 € I, then we have

/

1t 1t /m(o,—m—lT/U __(0—17_/0_)7_7

(') =o'r" o't =0 mily.

14T his works for I'p as well.
15].e. for the subspace topology of I, i.e. coming from a finite extension of E.



and that
te((o™™ M o™ (o7 o)) = (T 4 g+ Dit(T) = (;_

Then we compute

—m

94 ((0'7)mr) = sl e (<L
We can try conjugating by exp(aty(7')N):

q—m -1

exp(at ()Ml ryexp (45—

tg(T’)N> exp(te(T)N) exp(—ate(7')N)

—m

= plom ) explqate( )N exp (— (L5 + ) eIV ) expluer))

-m _q
= p(c™1) exp (— (qq1—1 +a(l - q_m)> tg(T/)N) exp(te(T)N).

Evidently, we can take o = 1/(¢~* — 1). Next, to see that p*® has semisimple values, we note p**|, is trivial on

U, so it has finite image, thus it has semisimple values in a group of characteristic zero and is continuous in the

discrete topology. O

That is we are able to “factor”
p=p>p"
into a “unipotent on Ir” part p* = exp(t¢(—)N) (only defined on Ir) and a “semisimple on Ir” part p** (defined

on all of Wg). In particular we can now define Frobenius-semisimplicity by requiring that p** is semisimple on all
of Wg, not just Ir. This leads to the following definition.

Definition 2.3.3. Consider Q, with the discrete topology. The Weil-Deligne group is

WDF = WF X Ga

where w - A = [|w||7'A, i.e. with group law (w, \)(w’, N) = (ww', ||w||A + X’), and ||w]|| is obtained via local Artin
reciprocity. The set of Weil-Deligne parameters is

WD(G) := Hom® (W Dp, G(Q,))/G(@,)

= {(p°*, N) € Hom*(Wr, G(Qy)) x Ng(@p) | ¥(w)Nep(w) ™" = ||wl|N}/G(Qy)

where p®*® is semisimple in the sense that its image consists entirely of semisimple elements.

2.4 Moduli stack of Langlands parameters

Let I' be a discrete group and G an affine algebraic group. The moduli stacks will make use of representation schemes
Hom(I', G). These schemes have natural stacky enhancements via the adjoint G-action, and a re-interpretation in
terms of moduli stacks of Betti local systems

Locg(X) = Mapg (X, BG) = Hom(T', G)/G

where X is any topological space (i.e. homotopy type, or anima) with 71(X) ~ . These in turn have natural
derived enhancements by taking derived mapping stacks of the Eilenberg-Maclane space

Locg(K(T',1)) = Locg(BT) = Mappg (BT, BG).

Alternatively, there are algebraic constructions due to Yuri Berest, Giovanni Felder, and Ajay Ramadoss under the
monikers representation homology, derived representation schemes, et cetera.



Given a cell presentation of X, i.e. via pushouts diagrams involving n-spheres and disks, one can inductively
compute Locg(X) by the formula

Locg(colim X, ) = Map(colim X, BG) = lim Map(X,, BG).

Let’s do some examples.

1.
2.

The scheme Hom(Z, G) = G. There is no derived structure. The stacky version is Locg(S!) = G/G.

More generally, Hom(Fy,G) = G", where Fj is the free group on k generators. The stacky version is
Locg(V, SY) ~ G"/G.

One can compute that Locg(S™) = Q"7 1G, i.e the based loop space at the identity, inductively using the
presentation of S™ as S™~! with two n-cells attached. For example, for S?, we have

Locg(5?) —— Locg(*) = {e}/G

| |

Locg(*) = {e}/G —— Locg(St) = G/G.

The underlying scheme of Q"1 is just a point (the identity), so this is all about derived structure.

. The scheme Hom(Z/nZ,G) is the subscheme of n-torsion points of G. The underlying reduced scheme is

discrete. Taking n = 2, the derived stacky version is Locg (RP®). Note that this is different from Locg (RP?),
which is computed via its presentation using a 0-cell, a 1-cell, and a 2-cell:

Locg(RP?) —— G/G

| ler

{e}/G —— G/G

Very often, Locg(RP?) is non-derived. However, to go from RP? to RP® requires attaching 1 cells in every
higher dimension, which potentially introduces derived structure.

These representation schemes (or moduli stacks of local systems) can be defined for any pro-discrete group by

taking colimits. We can also take I' to be any algebraic group.

Definition 2.4.1. We define three versions of the moduli stack of Langlands parameters over various coefficient
fields A. They are essentially the same as the three notions of Langlands parameters we have already defined,
except that they fit into moduli stacks, and the Frobenius-semisimplicity condition is removed. We note that the
Langlands dual group G can be defined over Z, thus any coeflicient ring A.

1.

Locx(F) is a stack over Spec Zy, thus can be defined for any Z,-algebra (including Q). The general challenge
to defining this due to continuity issues, and is handled in [Zh21] and [FS21].

. Loci (F) is a stack over Z[1/p], but requires a choice of ¢. It is:

~

Loc () = iy Hom(1W, . G/

Note that Hom(T', G) for " a discrete group is always representable by a finite-type stack. The (open and
closed, non-connected) substack of tame Langlands parameters is defined by taking E = F?, i.e. requiring
factorization through Wg, p ~ Wi /Pp ~ Wy:

Hom(W,, G)/G = {(0,7) € G x G | o7 = 7%} = Locs(T,)

where T, is the “g-twisted torus” obtained by gluing the ends of a cylinder by a degree ¢ map. As long as
q # +1, one can show this stack has no derived structure.



3. Loch(F) is a stack over Q. For £ o F"" we let WDg/p = Wg/p x G, (i.e. the norm vanishes on
ker(Wp — Wg/p)), and define

~

WDy . o €
Locg “(F) := gglllwrg Hom(W Dg/p, G)/G.

One can define the (open and closed, connected) substack of wunipotent Langlands parameters by taking
E = F*" ie. requiring factorization WgVuD/E =~ WHP/(Ir x Gy) ~ 7 x Gg:

Hom(Z x G, G)/G = Locy(S' x BGy,).

Note that since I' involves a G, a priori this stack can have infinitesimal and derived structure. One can
show that, essentially thanks to the twist by ¢ (i.e. the semidirect product), that it does not.

We now state a few results from [Zh21] that establishes the compatibility between the above notions of moduli
stacks.

Proposition 2.4.2. The maps ¢ : Wy — Wg induces natural isomorphisms
LOCé (F) i> LOCLC:,(F) ®Z[1/p] Ze LOCLCVY,(F) ®Z[1/p] Q@ <i LocVéVD (F) ®Q Qg
inducing isomorphisms
Locs (F) ®z, Q¢ — Lock(F) ®zp1/p) Qe «— Locg P (F) ®qg Q.

Furthermore, the ind-scheme LocLé(F) s a disjoint union of classical reduced finite-type affine schemes, flat over
Z[1/p], equidimensional of dimension dim(é), a local complete intersection, and Calabi-Yau. Thus, the same is
true of Locy(F) and Loch (F) (over their respective coefficients).

Remark 2.4.3. The stack Loc () could have been defined over Z. However, it does not give the “correct” answer
when £ = p (in that the above proposition is compatible with the “right” definition of Locy(F) over Z,), so we
define it over Z[1/p]. Likewise, the stack LocéVD (F) can be defined over Z, but in order to relate it to any of the

others we need the exponential map, so we define it over Q.
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